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Outline 

!   Spectroscopy of strongly correlated materials: realistic DMFT  

!   Non-equilibrium dynamics of correlated materials: XFEL-ultra-strong pulses  

!   Non-local correlations: cluster and dual scheme 
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Strongly correlated materials 
 
! Interplay of degrees of freedom 

! Coupling of control parameters 

! Complicated ordering phenomena 
 

E. Pavarini, E. Koch, and A. L. PRL 101, 266405 (2008) 

Orbital

Lattice

Spin Charge

H. Ehrke et al., 
 PRL 106, 217401 (2011) Spaldin & Fiebig, Science 309:391 (2005) 
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Continuous Time Quantum Monte Carlo 
Partition function: 

Stochastic expansion – “Diagrammatic Monte Carlo” (N. Prokof’ev)   

E. Gull, A. Millis, A.L., A. Rubtsov, M. Troyer, Ph. Werner, Rev. Mod. Phys. 83, 349 (2011) 
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Fermi surface for Ruthenites: LDA+DMFT 
 

Theory 

ARPES 

G. Zhang, E. Gorelov, E. Sarvestani, 
 and E. Pavarini, accepted to PRL (2016) 

A. Damascelli et al., 
PRL 85, 5194 (2000) 

 E. Gorelov, G. Zhang,  
and E. Pavarini (unpublished) 

A. Tamaiet et al., 
 PRL 101,  026407 (2008) 
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Sr2RuO4 Sr3Ru2O7 Sr2RuO4 Sr3Ru2O7 
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                    Orbital ordering in Ca2RuO4 
 

O. Friedt et al, PRB 63, 174432 (2001) 

and in particular free refinement of the two distinct O!1"
displacements along c led to significant difference with one

displacement almost vanishing, leading to a LTT equivalent

tilt scheme. The structure was finally refined with one O!1"
site being fixed at z!0. In case of the stoichiometric com-
pound at 400 K this is definitely not an appropriate model. In

space group Pbca one obtains an R value of 5.39% which

increases to 5.62% for the P21 /c model with one z-O!1"
fixed to zero. Refining the P21 /c phase independently still

gives a lower R value than Pbca , but this difference is not

significant any more. Therefore we conclude that the high-

temperature structure in Ca2RuO4.0 has the same space group

Pbca as the low-temperature structure. We differentiate

these phases as L-Pbca and S-Pbca , respectively, due to

their different c parameters. The large amount of excess oxy-

gen seems to be responsible for the distinct diffraction pat-

tern in Ca2RuO4.07.

Combining the new and the previous results8 we get the

entire picture of the phase transition in Ca2RuO4.0. Figure 2

presents the Ru-O bond lengths, which show a discontinuous

change at the L-Pbca-S-Pbca transition: the in-plane

bonds become elongated and the out-of-plane one is shrink-

ing upon cooling. Close to the transition—but in the S-Pbca

phase—the octahedron is still elongated along c in the tem-

perature range 300–330 K. Upon further cooling one ob-

serves a continuous and even larger change in the same

sense: the octahedron at low temperature is finally flattened

along c. The edge lengths of the octahedron basal plane also

show a discontinuous effect at the transition followed by a

pronounced change in the S-Pbca phase. In accordance to

the elongation of the Ru-O!1" bonds these lengths increase
upon cooling into the S-Pbca phase where they are still

split, the octahedron basal plane is shorter along the tilt axis

immediately below the transition. Upon further cooling, the

ratio, however, becomes inversed, and the basal plane is

strongly stretched along the tilt axis.

In La2CuO4 !Ref. 19" and also in all L-Pbca phase ruth-
enates studied here, the orthorhombic splitting is opposite to

the expectation of a rigid tilt, i.e., the lattice is longer per-

pendicular to the tilt axis. This effect originates from the

forces in the La-O or Sr-O layer where one distance strongly
decreases due to the opposite displacements of an apical oxy-
gen and a neighboring La/Sr site. The stretching of the lattice
perpendicular to the tilt axis reduces the pronounced shrink-
ing of this bond and may be seen in the orthorhombic split-

ting. One should hence consider this behavior as the normal

one arising from the structural arrangement. Nevertheless the

elongation of the octahedron basal plane might influence the

electronic and magnetic properties, see the discussion below.

The orthorhombic lattice in Ca2RuO4.0, however, is elon-

gated along the tilt axis at low temperature much more than

what might be expected for a rigid octahedron tilt; the lattice

constants are given in Fig. 3. It is the stretching of the octa-

hedra that causes this orthorhombic splitting, and this behav-

ior should be considered as highly anomalous.

The transition from L-Pbca to S-Pbca is further char-

acterized by an increase in the tilt angles #-O!1" $#-O!2"%
increase from 7.5° $5.9°% at 400 K to 11.2° $9.2°% at 295 K.
Upon cooling in the S-Pbca phase these angles first con-

tinue to increase till about 180 K and are almost constant

below, see Fig. 6 in Ref. 8. The rotation angle decreases by

about one degree during the transition into the S-Pbca

phase and is constant over the whole S-Pbca temperature

range.

In Ca1.9Sr0.1RuO4 we find a structural transition similar to

that observed in Ca2RuO4.0. Figure 4 presents the volume

fractions of the L-Pbca and S-Pbca phases as a function of

FIG. 2. Temperature dependence of the Ru-O!1"-bond distances
in Ca2RuO4.0 and that of the edge lengths of the octahedron basal

plane.

FIG. 3. Temperature dependence of the lattice parameters in

Ca2RuO4.0. Open symbol designate the results obtained from the

high-flux patterns and closed symbols those from the high resolu-

tion studies.

O. FRIEDT et al. PHYSICAL REVIEW B 63 174432

174432-4

M. Kubota et al., PRL 95, 026401 (2005) 

300 meV

100 meV

Low-temperature phase:

L-Pbca

S-Pbca
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@
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where fk (f?) represents the susceptibility tensor element
for the direction to which the (un)occupied 4d t2g orbital
extends. fk " f?#! !f$ means an anisotropic strength of
an atomic scattering factor, which corresponds to the de-
gree of an orbital polarization.

F%
!" in formula (2) mainly contributes to the " depen-

dence of the interference signal. The observed " depen-
dence shows the minimum and the maximum around
" ! 90& and 270&, respectively, while the intensity ap-
proaches zero at " ! 0& and 180&. These features are well
explained by the analysis for a ferro-type dxy ordering, as
shown in Fig. 2. In addition, we analyzed the " depen-
dence of the resonant signal at Q ! #0 2 14$, which is also
consistent with the behavior of the dxy orbital. Comparing
the interference signal with the fundamental signal at
305 K, it is found that the !f is about 0.8(1), which is of
the order of 10"2 for a conventional structure factor at Q !
#0 2 6$. We also measured the " dependence of the reso-
nant signal at 6 K. The " dependence at 6 K with !f !
1:4#1$ has the same periodicity as that at 305 K.
Consequently, it is revealed that the local symmetry at a
Ru site of orbital ordering does not change between 305
and 6 K. The observed dxy ferro-type ordering is consistent
with the prediction by Refs. [21,22].

Figure 3 shows the temperature dependence of the RXS
signal. Below '200 K, the RXS signal for the ferro-type

dxy orbital ordering is almost saturated, in which the
G-type antiferromagnetic structure (TN ' 125 K) appears
by a superexchange interaction in Ca2RuO4 [5,7]. Above
200 K, the magnitude gradually decreases and then dis-
appears near a metal-insulator transition (TMI ' 357 K).
Note that, as shown in Fig. 3, the RXS signal is observed at
room temperature. Braden et al. showed that around 300 K,
the apical bond length RuO(2) is almost equal to the
averaged equatorial bond length RuO(1) [7]. Therefore
the Jahn-Teller distortion is unreasonable for the main
origin of the orbital ordering in Ca2RuO4 [23]. As dis-
cussed in Ref. [22], it is possible that the two-dimensional
crystal field as well as a superexchange interaction plays a
significant role to stabilize the ferro-type orbital ordering
in Ca2RuO4, in addition to the Jahn-Teller effect of the
RuO6 octahedron.

Figure 4(a) exhibits the azimuthal angle dependence for
x ! 0:5 at Q ! #0 2 6$ at 300 K, in which the periodicity is
360& with the phase shift of 180& against that for x ! 0. In
the inset of Fig. 4(a), the energy profiles for the interfer-
ence term at " ! 270& are shown at 300 and 6 K. Based on
a similar analysis of the azimuthal angle dependence for
x ! 0, it is revealed that the orbital polarization with dyz=zx
character is favored for x ! 0:5 at 300 K [!f ! 1:3#1$].

The RXS intensity for x ! 0:5 slightly decreases with
lowering temperature [Fig. 4(b)]. This decrease in orbital
polarization is attributable to the electron transfer from the
dyz=zx orbital to the dxy orbital at low temperatures.
Notably, the ferromagnetic (FM) instability has been re-
vealed at about x' 0:5 at low temperatures, which is likely
due to the van Hove singularity of the dxy orbital band (#
band) [6,9,22,24]. The susceptibility at x ! 0:5 shows
significant enhancement below 20 K [9], where the orbital
polarization intensity saturates at its minimum in Fig. 4(b).
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FIG. 3. Temperature dependence of the interference term at
Q ! #0 2 6$ with " ! 270& in Ca2RuO4.
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FIG. 2. Azimuthal angle dependences of the interference term
for a main edge peak at 305 and 6 K at Q ! #0 2 6$. The origin
of " is defined when the a axis parallels the direction of the !
polarization of the x-ray beam. The thick and the thin lines are
analysis results at 305 and 6 K, respectively.

PRL 95, 026401 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
8 JULY 2005

026401-3

no orbital ordering

xy orbital ordering
xz

yz

xy 

E. Gorelov, M. Karolak, T. Wehling, F. Lechermann, 
 A. L,  E. Pavarini, PRL 104, 226401 (2010) 

Crystal-field orbitals  
of Ru 4d t2g manifold 

High-temperature phase: 

Structural transition RXS signal for the dxy ordering 
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               Metal-Insulator transition in Ca2RuO4 
: 

E. Gorelov, M. Karolak, T. O. Wehling, F. Lechermann, A. L. , and E. Pavarini, PRL 104, 226401 (2010) 

Simplified Coulomb         Full Coulomb
interaction                    interaction

E (eV)

D
O

S

-6   -4    -2    0     2    -6   -4    -2    0     2

xy
xz, yz

Wrong 
multiplet 
structure!

xy orbital 
ordering

T = 390 K

T = 290 K

Metallic phase
no orbital ordering

Insulating phase

    xy          xz        yz

Ca
Ru O

Ru 4d t2g orbitals
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                     Spin state transition in LaCoO3 
 

Co
La

O

Low spin
(S=0)

High spin
(S=2)

eg

t2g

2 eV

M. Abbate et al., PRB 47, 16124 (1993)  G. Zhang, E. Gorelov, E. Koch, and E. Pavarini,  PRB 86, 184413 (2012) 

Co 3d states 

t2g t2geg

Valence-band XPS 

T ~ 4TMIT T ~ 2TMIT

High spin state, density of states for Co 3d orbitals 
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Spin and Charge modulations in LaCoO3 
 

Co
La

O

Co #1  Co #2 
M. Karolak, M. Izquierdo, S. L. Molodtsov, and A. L., PRL 115, 046401 (2015) 

Density of states for Co 3d orbitals Phase diagram as a function of the lattice 
temperature and the Hund’s rule coupling 

J 
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Cluster model for calculation of XAS spectra in LaCoO3 
 ! Includes Co-d and O-p orbitals 

! Electron Hopping between Co-d and Ligands is allowed 

! Full Coulomb vertex at Co-d orbitals is included 
 

E
-E

F 
(e

V
) 

Wannier orbitals 

Co and O bands (green) 
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Co L2,3 XAS spectra with fixed structure 
and different electronic temperatures 

! E. Gorelov, to be published  



11 Spectroscopy of strongly correlated materials: beyond DMFT Evgeny Gorelov, Alexander Lichtenstein, Hiroshima, 05.07.2017 

Spectral properties of correlated materials: CPO-27-Ni XES 

! Catalytic metal-organic framework CPO-27-Ni  
!   Ni valence to core K-edge XES 
!   Ni d-d excitations reflects Ni environment, where catalytic activity takes place 
!   Study of catalytic activity in-situ is possible 

! E. Gallo, E. Gorelov, A. A. Guda, F. Bonino, E. Borfecchia, 
D. Gianolio, S. Chavan, and C. Lamberti, submitted to Inorg. Chem. 

!   Full Coulomb interaction for Co-d orbitals 
!   Cluster  spectrum codes: XTLS by Arata Tanaka (Hiroshima); 

                         Quanty by Maurits W. Haverkort (Heidelberg) 
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Correlated materials in strong time-dependent electric fields 

! Investigation of behaviour of correlated materials in presence of strong electric fields  
!   Hubbard model is used to model correlated materials 
!   IPT on Keldysh contour with non-equilibrium dynamical mean-field theory 
!   Electric field is included as Pierls substitution for hoppings 

Hubbard model in Electric fields 

A. Joura, J. K. Freericks, A.L., Phys. Rev. B 91, 245153 (2015) 
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Correlated materials in strong time-dependent electric fields 

!  Investigation of behaviour of correlated materials in presence of strong electric fields  
!   We study single-band Hubbard model with anisotropic hoppings 
!   Arbitrary field shape and strength can be considered 
!   Multi-orbital extension allowing realistic calculations is feasible 

Vector potential 
Spectral function 

U=4 eV 

U=6 eV 

! Viktor N. Valmispild, Martin Eckstein et al. 
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Correlated materials in strong time-dependent electric fields 

!  Infrared vs X-ray 

Vector potential 
U=4 eV U=6 eV 

Xray 

IR 

! Viktor N. Valmispild, Martin Eckstein et al. 
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Correlated materials in strong time-dependent electric fields 

!  Polarization dependence on rectangular lattice 
!   We study anisotropic Hubbard model, ty = 2tx 
!   We use infrared pulse, ω = 1.4 eV 
!   Linear polarization along X or Y axis is used 
 

ty  

tx  
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Lattice distortion and time-dependent electric fields 
Large Field Small Field 

E || y 

E || x 

! Viktor N. Valmispild, Martin Eckstein et al. 
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Non-Local correlations: AFM and d-wave in HTSC 

A.L. and M.Katsnelson, PRB 62, R9283 (2000)  
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Plaquette Valence Bond Theory of HTSC 

2

parameter U is of the order of the bandwidth W = 8t.
Then, the t, t0 Hubbard model on the square lattice reads

H = �
X

ij

t
ij

c†
i�

c
j�

+
X

i

Un
i"ni#, (1)

where t
ij

is an e↵ective hopping and U the local Coulomb

interaction. The operators c†
i�

, c
i�

create and annihilate
fermions at site i with spin � =" (+), # (�), respectively
and the occupation operator is n

i�

= c†
i�

c
i�

.
Isolated Plaquette – We start the discussion with elec-

tronic states in the isolated Hubbard plaquette. The opti-
mal doping for high-temperature superconductivity is of
the order of 15% of holes per site for almost all cuprate
materials. This gives us an average number of electrons
per site of 0.85 and results in 3.4 fermions per 4-site pla-
quette in the crystal. We argue, that this is related to
3-electron states of the isolated plaquette, since particle-
hole asymmetry introduced by the next-nearest neighbor
hopping t0, with moderate values of U and certain fixed
chemical potentials (µ) result in an occupation per pla-
quette of the crystal, that is very close to the optimal
value of 3.4 electrons.

The Hamiltonian of the isolated plaquette reads

H
p

=
X

(i,j)=1..4

h0
ij

c†
i�

c
j�

+
X

i=1..4

Un
i"ni#, (2)

�ĥ0 =

0

BB@

µ t t0 t
t µ t t0

t0 t µ t
t t0 t µ

1

CCA .

We include the chemical potential in the diagonal part of
h0
ij

. The energy spectrum of the isolated plaquette near
the 3-electron filling is very unusual. We present in Fig. 1
regions in the U � µ space, whose ground states have an
occupation of three plus-minus one electrons. The one-
electron spectrum possesses four states with the energies:
±2t� t0 � µ and double-degenerate t0 � µ. At zero inter-
action U = 0, there is no stable ground state with three
electrons, in the sense that one can add or remove one
electron without changing the thermodynamic potential.
Starting from some critical interaction strength U ⇡ 3
there is a small region, in that the plaquette ground state
with N = 3 electrons is separated by energy gaps from
the states with N = 2 and N = 4, see Fig. 1. Im-
portantly, this N = 3 ground state is fourfold degener-
ate consisting of two doublets in the sectors (2", 1#) and
(1", 2#), which we label |Xi and |Y i, according to their
symmetry. Moreover, there is a critical point (circle in
Fig. 1) where all three sectors with 2, 3, and 4 electrons
have the same ground state energy and form a sixfold
degenerate ground-state multiplet consisting of two sin-
glets of the sectors (1", 1#) and (2", 2#) together with two
doublets of the 3-electron sectors. This critical point has
the coordinates U = 2.78, µ = 0.24 for standard values

0 1 2 3 4 5 6
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�1.0

�0.5
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FIG. 1: (color online). Zero-temperature phase diagram
of the isolated plaquette as function of Hubbard U and

chemical potential µ in proximity of the quantum
critical point (circle) for t0/t = �0.3.

of t0/t = �0.3. We think, that this critical point of the
plaquette has crucial importance for the physics of the
strong-coupling d

x

2�y

2 -wave superconductivity. The im-
portance of these three many-body states of the plaque-
tte CDMFT has been discussed first for the t� J model
[19]. In that case an additional triplet state in the N = 4
sector appeared without formation of the single quan-
tum critical point. The crossing of di↵erent many-body
states has been investigated in the valence bond DMFT
[20] and also in the plaquette CDMFT [27, 33]. The idea
of a quantum critical point and nematicity has also been
discussed in Refs. [23, 31, 32]. Here, we demonstrate via
bottom-up approach, that this is the key ingredient of a
consistent minimal picture of HTSC.

If we approach this critical point from the region with
the N = 3 ground state, then the one electron density
of states (DOS) at the Fermi energy diverges for both,
electron and hole sides, due to transitions from the four-
fold degenerate N = 3 ground state to singlets of N = 2
(hole side) and N = 4 (electron side) with zero excitation
energy. The corresponding spectral weights with normal-
ization of the �-functions are equal to 0.46 and 0.23 for
hole and electron sides, respectively. Thus, it introduces
an important electron-hole asymmetry. We see below,
that this plaquette quantum critical point results in a
formation of a “soft”-fermion mode, i.e. a DOS peak
at the Fermi energy, when investigating it in a crystal
of plaquettes. We argue, that these soft-fermions favor
the formation of the d

x

2�y

2 -wave superconducting pair-
ing at low temperatures and of the pseudogap at high-
temperatures. At smaller t0 this critical point shifts to
larger U and at t0/t = 0 its coordinates are U = 4.58,
µ = 0.72. It is worthwhile to point out that at optimal
values of t0 antiferromagnetic order is suppressed due to
frustrations. As soon as we add a fermionic bath to the
plaquette within the spirit of CDMFT or density matrix
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regions in the U � µ space, whose ground states have an
occupation of three plus-minus one electrons. The one-
electron spectrum possesses four states with the energies:
±2t� t0 � µ and double-degenerate t0 � µ. At zero inter-
action U = 0, there is no stable ground state with three
electrons, in the sense that one can add or remove one
electron without changing the thermodynamic potential.
Starting from some critical interaction strength U ⇡ 3
there is a small region, in that the plaquette ground state
with N = 3 electrons is separated by energy gaps from
the states with N = 2 and N = 4, see Fig. 1. Im-
portantly, this N = 3 ground state is fourfold degener-
ate consisting of two doublets in the sectors (2", 1#) and
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symmetry. Moreover, there is a critical point (circle in
Fig. 1) where all three sectors with 2, 3, and 4 electrons
have the same ground state energy and form a sixfold
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portance of these three many-body states of the plaque-
tte CDMFT has been discussed first for the t� J model
[19]. In that case an additional triplet state in the N = 4
sector appeared without formation of the single quan-
tum critical point. The crossing of di↵erent many-body
states has been investigated in the valence bond DMFT
[20] and also in the plaquette CDMFT [27, 33]. The idea
of a quantum critical point and nematicity has also been
discussed in Refs. [23, 31, 32]. Here, we demonstrate via
bottom-up approach, that this is the key ingredient of a
consistent minimal picture of HTSC.

If we approach this critical point from the region with
the N = 3 ground state, then the one electron density
of states (DOS) at the Fermi energy diverges for both,
electron and hole sides, due to transitions from the four-
fold degenerate N = 3 ground state to singlets of N = 2
(hole side) and N = 4 (electron side) with zero excitation
energy. The corresponding spectral weights with normal-
ization of the �-functions are equal to 0.46 and 0.23 for
hole and electron sides, respectively. Thus, it introduces
an important electron-hole asymmetry. We see below,
that this plaquette quantum critical point results in a
formation of a “soft”-fermion mode, i.e. a DOS peak
at the Fermi energy, when investigating it in a crystal
of plaquettes. We argue, that these soft-fermions favor
the formation of the d
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2 -wave superconducting pair-
ing at low temperatures and of the pseudogap at high-
temperatures. At smaller t0 this critical point shifts to
larger U and at t0/t = 0 its coordinates are U = 4.58,
µ = 0.72. It is worthwhile to point out that at optimal
values of t0 antiferromagnetic order is suppressed due to
frustrations. As soon as we add a fermionic bath to the
plaquette within the spirit of CDMFT or density matrix
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Here we assume periodic boundary conditions, that
means for i = 4 we define i + 1 = 1. We switch on
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= 0.01t simultaneously and
calculate numerically their associated susceptibilities of
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breaks the sixfold degeneracy of the plaque-
tte’s quantum critical point and without external fields
it results in a singlet ground state, see Fig. 2a. The
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bond-singlet (Eq. (4)) external fields respect quantum en-
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sponding order of the crystal. The computational results
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rameter V . One can see, that d

x

2�y

2 -wave superconduct-
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bond pairing and is more favorable than the Neel order
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FIG. 2: (color online). (a) Sketch of the plaquette in
the four-site bath with d

x

2�y

2 -wave order parameter.
(b) Superconducting (�

d

), singlet bond order (�
s

) and
antiferromagnetic (�

m

) susceptibility of the plaquette in
a bath as a function of the hybridization V for U = 3

and µ = 0.27.

for V  0.2. The self-consistent plaquette-Bethe DMFT
for the cluster case (see below) with optimal HTSC pa-
rameters corresponds to V = 0.1. The singlet ground
state near the plaquette’s quantum critical point favors
d
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2 -wave superconductivity, rather than magnetic or-
dering. This result agrees well with large scale CDMFT
calculations for optimal doping [28, 29].
Plaquette-Bethe Lattice – As a next step towards a

more realistic description of the cuprate crystal, we con-
sider a plaquette-Bethe model, with all sites arranged
in quadrupole Bethe “planes” and interconnected in
a plaquette-like manner, see Fig. 3a. The plaquette
CDMFT becomes exact for this model, when the con-
nectivity of the Bethe sublattice q tends to infinity. We
obtain similar results as for the double Bethe model for
a two-site cluster [41, 43]. The bath Green’s function in
this model reads
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Ĝ (i!) is a 8 ⇥ 8 matrix of the superconducting Green’s
function for the plaquette with opposite spin-Nambu
spinors in the bath. We discretize the bath Green’s func-
tion with only four states similar to the DMET approach
using the Lanczos scheme in order to find the matrix
Green’s function of the superconducting states [28, 29].
As mentioned above, there is a sixfold degenerate ground
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peratures [28, 29]. However, when t
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phase transition occurs with the destruction of the singlet
states and a formation of the energy gap in the single-
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parameter U is of the order of the bandwidth W = 8t.
Then, the t, t0 Hubbard model on the square lattice reads
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Isolated Plaquette – We start the discussion with elec-

tronic states in the isolated Hubbard plaquette. The opti-
mal doping for high-temperature superconductivity is of
the order of 15% of holes per site for almost all cuprate
materials. This gives us an average number of electrons
per site of 0.85 and results in 3.4 fermions per 4-site pla-
quette in the crystal. We argue, that this is related to
3-electron states of the isolated plaquette, since particle-
hole asymmetry introduced by the next-nearest neighbor
hopping t0, with moderate values of U and certain fixed
chemical potentials (µ) result in an occupation per pla-
quette of the crystal, that is very close to the optimal
value of 3.4 electrons.

The Hamiltonian of the isolated plaquette reads
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We include the chemical potential in the diagonal part of
h0
ij

. The energy spectrum of the isolated plaquette near
the 3-electron filling is very unusual. We present in Fig. 1
regions in the U � µ space, whose ground states have an
occupation of three plus-minus one electrons. The one-
electron spectrum possesses four states with the energies:
±2t� t0 � µ and double-degenerate t0 � µ. At zero inter-
action U = 0, there is no stable ground state with three
electrons, in the sense that one can add or remove one
electron without changing the thermodynamic potential.
Starting from some critical interaction strength U ⇡ 3
there is a small region, in that the plaquette ground state
with N = 3 electrons is separated by energy gaps from
the states with N = 2 and N = 4, see Fig. 1. Im-
portantly, this N = 3 ground state is fourfold degener-
ate consisting of two doublets in the sectors (2", 1#) and
(1", 2#), which we label |Xi and |Y i, according to their
symmetry. Moreover, there is a critical point (circle in
Fig. 1) where all three sectors with 2, 3, and 4 electrons
have the same ground state energy and form a sixfold
degenerate ground-state multiplet consisting of two sin-
glets of the sectors (1", 1#) and (2", 2#) together with two
doublets of the 3-electron sectors. This critical point has
the coordinates U = 2.78, µ = 0.24 for standard values
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FIG. 1: (color online). Zero-temperature phase diagram
of the isolated plaquette as function of Hubbard U and

chemical potential µ in proximity of the quantum
critical point (circle) for t0/t = �0.3.

of t0/t = �0.3. We think, that this critical point of the
plaquette has crucial importance for the physics of the
strong-coupling d
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2 -wave superconductivity. The im-
portance of these three many-body states of the plaque-
tte CDMFT has been discussed first for the t� J model
[19]. In that case an additional triplet state in the N = 4
sector appeared without formation of the single quan-
tum critical point. The crossing of di↵erent many-body
states has been investigated in the valence bond DMFT
[20] and also in the plaquette CDMFT [27, 33]. The idea
of a quantum critical point and nematicity has also been
discussed in Refs. [23, 31, 32]. Here, we demonstrate via
bottom-up approach, that this is the key ingredient of a
consistent minimal picture of HTSC.

If we approach this critical point from the region with
the N = 3 ground state, then the one electron density
of states (DOS) at the Fermi energy diverges for both,
electron and hole sides, due to transitions from the four-
fold degenerate N = 3 ground state to singlets of N = 2
(hole side) and N = 4 (electron side) with zero excitation
energy. The corresponding spectral weights with normal-
ization of the �-functions are equal to 0.46 and 0.23 for
hole and electron sides, respectively. Thus, it introduces
an important electron-hole asymmetry. We see below,
that this plaquette quantum critical point results in a
formation of a “soft”-fermion mode, i.e. a DOS peak
at the Fermi energy, when investigating it in a crystal
of plaquettes. We argue, that these soft-fermions favor
the formation of the d

x

2�y

2 -wave superconducting pair-
ing at low temperatures and of the pseudogap at high-
temperatures. At smaller t0 this critical point shifts to
larger U and at t0/t = 0 its coordinates are U = 4.58,
µ = 0.72. It is worthwhile to point out that at optimal
values of t0 antiferromagnetic order is suppressed due to
frustrations. As soon as we add a fermionic bath to the
plaquette within the spirit of CDMFT or density matrix
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parameter U is of the order of the bandwidth W = 8t.
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Isolated Plaquette – We start the discussion with elec-

tronic states in the isolated Hubbard plaquette. The opti-
mal doping for high-temperature superconductivity is of
the order of 15% of holes per site for almost all cuprate
materials. This gives us an average number of electrons
per site of 0.85 and results in 3.4 fermions per 4-site pla-
quette in the crystal. We argue, that this is related to
3-electron states of the isolated plaquette, since particle-
hole asymmetry introduced by the next-nearest neighbor
hopping t0, with moderate values of U and certain fixed
chemical potentials (µ) result in an occupation per pla-
quette of the crystal, that is very close to the optimal
value of 3.4 electrons.

The Hamiltonian of the isolated plaquette reads
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We include the chemical potential in the diagonal part of
h0
ij

. The energy spectrum of the isolated plaquette near
the 3-electron filling is very unusual. We present in Fig. 1
regions in the U � µ space, whose ground states have an
occupation of three plus-minus one electrons. The one-
electron spectrum possesses four states with the energies:
±2t� t0 � µ and double-degenerate t0 � µ. At zero inter-
action U = 0, there is no stable ground state with three
electrons, in the sense that one can add or remove one
electron without changing the thermodynamic potential.
Starting from some critical interaction strength U ⇡ 3
there is a small region, in that the plaquette ground state
with N = 3 electrons is separated by energy gaps from
the states with N = 2 and N = 4, see Fig. 1. Im-
portantly, this N = 3 ground state is fourfold degener-
ate consisting of two doublets in the sectors (2", 1#) and
(1", 2#), which we label |Xi and |Y i, according to their
symmetry. Moreover, there is a critical point (circle in
Fig. 1) where all three sectors with 2, 3, and 4 electrons
have the same ground state energy and form a sixfold
degenerate ground-state multiplet consisting of two sin-
glets of the sectors (1", 1#) and (2", 2#) together with two
doublets of the 3-electron sectors. This critical point has
the coordinates U = 2.78, µ = 0.24 for standard values
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FIG. 1: (color online). Zero-temperature phase diagram
of the isolated plaquette as function of Hubbard U and

chemical potential µ in proximity of the quantum
critical point (circle) for t0/t = �0.3.

of t0/t = �0.3. We think, that this critical point of the
plaquette has crucial importance for the physics of the
strong-coupling d
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2 -wave superconductivity. The im-
portance of these three many-body states of the plaque-
tte CDMFT has been discussed first for the t� J model
[19]. In that case an additional triplet state in the N = 4
sector appeared without formation of the single quan-
tum critical point. The crossing of di↵erent many-body
states has been investigated in the valence bond DMFT
[20] and also in the plaquette CDMFT [27, 33]. The idea
of a quantum critical point and nematicity has also been
discussed in Refs. [23, 31, 32]. Here, we demonstrate via
bottom-up approach, that this is the key ingredient of a
consistent minimal picture of HTSC.

If we approach this critical point from the region with
the N = 3 ground state, then the one electron density
of states (DOS) at the Fermi energy diverges for both,
electron and hole sides, due to transitions from the four-
fold degenerate N = 3 ground state to singlets of N = 2
(hole side) and N = 4 (electron side) with zero excitation
energy. The corresponding spectral weights with normal-
ization of the �-functions are equal to 0.46 and 0.23 for
hole and electron sides, respectively. Thus, it introduces
an important electron-hole asymmetry. We see below,
that this plaquette quantum critical point results in a
formation of a “soft”-fermion mode, i.e. a DOS peak
at the Fermi energy, when investigating it in a crystal
of plaquettes. We argue, that these soft-fermions favor
the formation of the d
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2 -wave superconducting pair-
ing at low temperatures and of the pseudogap at high-
temperatures. At smaller t0 this critical point shifts to
larger U and at t0/t = 0 its coordinates are U = 4.58,
µ = 0.72. It is worthwhile to point out that at optimal
values of t0 antiferromagnetic order is suppressed due to
frustrations. As soon as we add a fermionic bath to the
plaquette within the spirit of CDMFT or density matrix
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Isolated Plaquette – We start the discussion with elec-

tronic states in the isolated Hubbard plaquette. The opti-
mal doping for high-temperature superconductivity is of
the order of 15% of holes per site for almost all cuprate
materials. This gives us an average number of electrons
per site of 0.85 and results in 3.4 fermions per 4-site pla-
quette in the crystal. We argue, that this is related to
3-electron states of the isolated plaquette, since particle-
hole asymmetry introduced by the next-nearest neighbor
hopping t0, with moderate values of U and certain fixed
chemical potentials (µ) result in an occupation per pla-
quette of the crystal, that is very close to the optimal
value of 3.4 electrons.

The Hamiltonian of the isolated plaquette reads
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We include the chemical potential in the diagonal part of
h0
ij

. The energy spectrum of the isolated plaquette near
the 3-electron filling is very unusual. We present in Fig. 1
regions in the U � µ space, whose ground states have an
occupation of three plus-minus one electrons. The one-
electron spectrum possesses four states with the energies:
±2t� t0 � µ and double-degenerate t0 � µ. At zero inter-
action U = 0, there is no stable ground state with three
electrons, in the sense that one can add or remove one
electron without changing the thermodynamic potential.
Starting from some critical interaction strength U ⇡ 3
there is a small region, in that the plaquette ground state
with N = 3 electrons is separated by energy gaps from
the states with N = 2 and N = 4, see Fig. 1. Im-
portantly, this N = 3 ground state is fourfold degener-
ate consisting of two doublets in the sectors (2", 1#) and
(1", 2#), which we label |Xi and |Y i, according to their
symmetry. Moreover, there is a critical point (circle in
Fig. 1) where all three sectors with 2, 3, and 4 electrons
have the same ground state energy and form a sixfold
degenerate ground-state multiplet consisting of two sin-
glets of the sectors (1", 1#) and (2", 2#) together with two
doublets of the 3-electron sectors. This critical point has
the coordinates U = 2.78, µ = 0.24 for standard values
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FIG. 1: (color online). Zero-temperature phase diagram
of the isolated plaquette as function of Hubbard U and

chemical potential µ in proximity of the quantum
critical point (circle) for t0/t = �0.3.
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2 -wave superconductivity. The im-
portance of these three many-body states of the plaque-
tte CDMFT has been discussed first for the t� J model
[19]. In that case an additional triplet state in the N = 4
sector appeared without formation of the single quan-
tum critical point. The crossing of di↵erent many-body
states has been investigated in the valence bond DMFT
[20] and also in the plaquette CDMFT [27, 33]. The idea
of a quantum critical point and nematicity has also been
discussed in Refs. [23, 31, 32]. Here, we demonstrate via
bottom-up approach, that this is the key ingredient of a
consistent minimal picture of HTSC.

If we approach this critical point from the region with
the N = 3 ground state, then the one electron density
of states (DOS) at the Fermi energy diverges for both,
electron and hole sides, due to transitions from the four-
fold degenerate N = 3 ground state to singlets of N = 2
(hole side) and N = 4 (electron side) with zero excitation
energy. The corresponding spectral weights with normal-
ization of the �-functions are equal to 0.46 and 0.23 for
hole and electron sides, respectively. Thus, it introduces
an important electron-hole asymmetry. We see below,
that this plaquette quantum critical point results in a
formation of a “soft”-fermion mode, i.e. a DOS peak
at the Fermi energy, when investigating it in a crystal
of plaquettes. We argue, that these soft-fermions favor
the formation of the d
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2 -wave superconducting pair-
ing at low temperatures and of the pseudogap at high-
temperatures. At smaller t0 this critical point shifts to
larger U and at t0/t = 0 its coordinates are U = 4.58,
µ = 0.72. It is worthwhile to point out that at optimal
values of t0 antiferromagnetic order is suppressed due to
frustrations. As soon as we add a fermionic bath to the
plaquette within the spirit of CDMFT or density matrix
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the3-electronfillingisveryunusual.WepresentinFig.1
regionsintheU�µspace,whosegroundstateshavean
occupationofthreeplus-minusoneelectrons.Theone-
electronspectrumpossessesfourstateswiththeenergies:
±2t�t0�µanddouble-degeneratet0�µ.Atzerointer-
actionU=0,thereisnostablegroundstatewiththree
electrons,inthesensethatonecanaddorremoveone
electronwithoutchangingthethermodynamicpotential.
StartingfromsomecriticalinteractionstrengthU⇡3
thereisasmallregion,inthattheplaquettegroundstate
withN=3electronsisseparatedbyenergygapsfrom
thestateswithN=2andN=4,seeFig.1.Im-
portantly,thisN=3groundstateisfourfolddegener-
ateconsistingoftwodoubletsinthesectors(2",1#)and
(1",2#),whichwelabel|Xiand|Yi,accordingtotheir
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gletsofthesectors(1",1#)and(2",2#)togetherwithtwo
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thecoordinatesU=2.78,µ=0.24forstandardvalues
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FIG.1:(coloronline).Zero-temperaturephasediagram
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chemicalpotentialµinproximityofthequantum
criticalpoint(circle)fort0/t=�0.3.
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[19].InthatcaseanadditionaltripletstateintheN=4
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bottom-upapproach,thatthisisthekeyingredientofa
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Fig. 1: (color online). Zero-temperature phase diagram
of the isolated plaquette as function of Hubbard U and
chemical potential µ in proximity of the quantum crit-
ical point (circle) for t0/t = �0.3.

the fourfold degenerate N = 3 ground state to singlets
of N = 2 (hole side) and N = 4 (electron side) with zero
excitation energy. The corresponding spectral weights
with normalization of the �-functions are equal to 0.46
and 0.23 for hole and electron sides, respectively. Thus,
it introduces an important electron-hole asymmetry.

In Fig. 2 we show static observables of the plaquette
in very close proximity to the critical point. The local
charge is denoted by circles and the nearest-neighbor
Heisenberg-spin correlations by strips. Shown are all
six states of the di↵erent particle number sectors. Dark
(light) circles denote electrons (holes) occupying the
respective site and dark (light) strips triplet (singlet)-
like correlations. Regarding this set of observables, the
N = 2 and the N = 4 states obey the Z4-symmetry.
But the spin-doublets of N = 3 reduce it to Z2, which is
exactly the d-wave symmetry. Due to the rotation sym-
metry, we can relate some directions of the plaquette
to those of the lattice, i.e. the plaquette’s orbitals X,
Y and M . Although d-wave pairing takes place in the
antinodal X and Y directions, we learn from the dou-
blets in Fig. 2, that correlations of the nodal direction
M are involved, which agrees with recent experimental
results.[33, 34] Since S

z

is a good quantum number one
could expect up/down-symmetry within the four fold
degenercy, but if a spin-block has a two dimensional
eigenspace, the spanning eigenvectors have a remain-
ing degree of freedom, that manifests di↵erently for the
spin-blocks in our numerical results. The Z2 symme-
try of the N = 3 states changes to Z4 at U = 6.18
(dashed line in Fig. 1), where also the slope of the
phase boundaries changes discontinuously indicating a
crossover within the N = 3 sector. The fourfold degen-
eracy is preserved for U > 6.18 and the nearest neighbor
spin correlations become triplet-like, signaling a local-

Fig. 2: (color online). Static observables of the local
charge (circles) and the nearest-neighbor Heisenberg-
spin correlations(strips) in proximity of the critical
point for N = 2 (top left), N = 4 (bottom left) and
the four-fold degenerate N = 3 (mid, right). In case of
the doublets the total spin along quantization axis is
indicated by a black arrow.

ization process with supression of charge fluctuations,
that is understood for large U by e.g. mapping to the
t � J-model[17]. A calculation of a plaquette observ-
able with exact-diagonalization does always weighten
the degenerate N = 3 states equally and their super-
position preseves the plaquette’s symmetry. However, a
coupling to another system has potetntial for creating
modes that resonate stronger with one of the doublet
states than with the others.

3 Plaquette in Bath

The appearance of the DOS peak at the Fermi en-
ergy leads to a universal instability in the sense, that
the susceptibility diverges in many di↵erent channels
(magnetic, superconducting, charge density wave, etc.).
In order to study the interplay of di↵erent instability
channels from the strong-coupling perspective we intro-
duce a simple model of an embedded plaquette in the
spirit of DMET [35]. To this aim we add to the plaque-
tte’s Hamiltonian a hybridization with four fermionic
bath states, one bath state per corner of the plaquette.
We use an exact diagonalization technique, namely the
Lanczos scheme with a Hilbert space size of 216, without
any symmetry restrictions. Furthermore, we introduce
di↵erent symmetry breaking fields acting on the bath
fermions b†

i�

, b
j�

, i.e. d
x

2�y

2 -wave pairing, singlet mag-
netic states on the bonds, and the conventional Neel
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embedding theory (DMET) [37] with only four bath sites,
a stable singlet solution forms with almost equal mixture
of all N = 2, 3, 4 sectors, which again is favorable for the
superconducting state as it is shown below.

Plaquette in Bath – The appearance of the DOS peak
at the Fermi energy leads to a universal instability in
the sense, that the susceptibility diverges in many dif-
ferent channels (magnetic, superconducting, charge den-
sity wave, etc.). From the weak-coupling point of view
this was discussed in the framework of the van Hove sce-
nario of HTSC [38–40]. In order to study the interplay
of di↵erent instability channels from the strong-coupling
perspective we introduce a simple model of an embedded
plaquette in the spirit of DMET [37]. To this aim we add
to the plaquette’s Hamiltonian a hybridization with four
fermionic bath states, one bath state per corner of the
plaquette, see Fig. 2a. We use an exact diagonalization
technique, namley the Lanczos scheme with a Hilbert
space size of 216, without any symmetry restrictions.
Furthermore, we introduce di↵erent symmetry breaking
fields acting on the bath fermions b†

i�

, b
j�

, i.e. d
x

2�y

2 -
wave pairing, singlet magnetic states on the bonds, and
the conventional Neel antiferromagnetic state:
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Here we assume periodic boundary conditions, that
means for i = 4 we define i + 1 = 1. We switch on
small fields �

d

= �
s

= �
m

= 0.01t simultaneously and
calculate numerically their associated susceptibilities of
the plaquette. The hybridization V between the fermions
c†
i�

and b†
j�

breaks the sixfold degeneracy of the plaque-
tte’s quantum critical point and without external fields
it results in a singlet ground state, see Fig. 2a. The
d
x

2�y

2 -wave superconducting (Eq. (3)) and the magnetic
bond-singlet (Eq. (4)) external fields respect quantum en-
tanglement of the singlet character of the ground state,
whereas the Neel field Eq. (5) destroys it. Being classical
in its nature, the Neel state is expected to be most sta-
ble for su�ciently strong coupling with the environment
V [41] or high temperatures [42]. For an infinite system
di↵erent types of order can be found by studying diver-
gences of susceptibilities. Since in DMET we deal with
finite systems, the susceptibilities remain finite up to zero
temperature and we assume, that the largest susceptibil-
ity of the cluster, shown in Fig. 2a, signals the corre-
sponding order of the crystal. The computational results
are shown in Fig. 2b as function of the hybridization pa-
rameter V . One can see, that d

x

2�y

2 -wave superconduct-
ing pairing always wins in comparison with the singlet
bond pairing and is more favorable than the Neel order

t
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FIG. 2: (color online). (a) Sketch of the plaquette in
the four-site bath with d

x

2�y

2 -wave order parameter.
(b) Superconducting (�

d

), singlet bond order (�
s

) and
antiferromagnetic (�

m

) susceptibility of the plaquette in
a bath as a function of the hybridization V for U = 3

and µ = 0.27.

for V  0.2. The self-consistent plaquette-Bethe DMFT
for the cluster case (see below) with optimal HTSC pa-
rameters corresponds to V = 0.1. The singlet ground
state near the plaquette’s quantum critical point favors
d
x

2�y

2 -wave superconductivity, rather than magnetic or-
dering. This result agrees well with large scale CDMFT
calculations for optimal doping [28, 29].
Plaquette-Bethe Lattice – As a next step towards a

more realistic description of the cuprate crystal, we con-
sider a plaquette-Bethe model, with all sites arranged
in quadrupole Bethe “planes” and interconnected in
a plaquette-like manner, see Fig. 3a. The plaquette
CDMFT becomes exact for this model, when the con-
nectivity of the Bethe sublattice q tends to infinity. We
obtain similar results as for the double Bethe model for
a two-site cluster [41, 43]. The bath Green’s function in
this model reads

Ĝ�1 (i!) =
⇣
i! + µ� ĥ0

⌘�1
� t2

b

Ĝ (i!) . (6)

Ĝ (i!) is a 8 ⇥ 8 matrix of the superconducting Green’s
function for the plaquette with opposite spin-Nambu
spinors in the bath. We discretize the bath Green’s func-
tion with only four states similar to the DMET approach
using the Lanczos scheme in order to find the matrix
Green’s function of the superconducting states [28, 29].
As mentioned above, there is a sixfold degenerate ground
state for t

b

= 0 at the quantum critical point. At su�-
ciently small hybridizations, i.e. small t

b

in the plaquette-
Bethe model, the system becomes metallic with a slightly
broadened peak in the DOS at the Fermi energy. The
ground state is d

x

2�y

2 -wave superconducting at low tem-
peratures [28, 29]. However, when t

b

increases a quantum
phase transition occurs with the destruction of the singlet
states and a formation of the energy gap in the single-

3

scheme with with a Hilbert space size of 216, without any
symmetry restrictions) with di↵erent symmetry breaking
fields acting on the bath fermions b†

i�

, b
j�

, namely d-wave
pairing, singlet magnetic states on the bonds, and the
conventional Neel antiferromagnetic state:

h
d

=
X

�=",#,i=1..4

(�1)i��
d

(b
i,�

b
i+1,��

+ h.c.) (4)

h
s

=
X

�=",#,i=1..4

(�1)i��
s

(b†
i,�

b
i+1,��

+ h.c.) (5)

h
m

=
1

2

X

�=",#,i=1..4

(�1)i��
m

b†
i,�

b
i,�

(6)

here we assume periodic boundary conditions, i.e. for
i = 4 we define i + 1 = 1. We switch simultaneously
small fields �

d

= �
s

= �
m

= 0.01t and calculate corre-
spondent susceptibilities. The hybridization V between
the fermions c†

i�

andb†
j�

breaks the sixfold degeneracy of
the plaquette’s quantum critical point and without ex-
ternal fields forms a singlet ground state. (see Fig. 2).
The d

x

2�y

2 -wave superconducting Eq. (4) and magnetic
bond-singlet Eq. (5) external fields respect quantum en-
tanglement of the singlet character of the ground state,
whereas the Neel field Eq. (7) destroys it. Being classi-
cal in its nature the Neel state is expected to be most
stable for su�ciently strong coupling with the environ-
ment V [30] or high temperatures [31]. For an infinite

t

t´

U

V -!

-!

!!

1 2

34

+
b

c+

FIG. 2: (Color online) Sketch of the plaquette in the four-site
bath with superconducting d

x

2�y

2 -wave order parameter.

system di↵erent types of order can be found by studying
the divergence of the corresponding susceptibility. Since
in DMET we deal with finite systems, the susceptibilities
remain finite up to zero temperature and we will assume
that the largest susceptibilities for the cluster shown in
Fig. 2 signals the corresponding order of the crystal. The
computational results are shown in Fig. 3 as function of
the hybridization parameter V . One can see that d

x

2�y

2 -
wave superconducting pairing always wins in comparison

FIG. 3: (Color online) Superconducting d
x

2�y

2 -wave (�
d

),
singlet bond order (�

s

) and antiferromagnetic (�
m

) suscepti-
bility of the plaquette in a bath as a function of the hybridiza-
tion V for U = 3 and µ = 0.27.

with the singlet bond pairing and is more favorable than
the Neel order for V  0.2. The self-consistent plaquette-
Bethe DMFT for the cluster case corresponds to V = 0.1,
thus the singlet ground state near the plaquette’s quan-
tum critical point favors d

x

2�y

2 -wave superconductivity
as opposed to magnetic ordering. This result agrees well
with a large scale CDMFT calculations for optimal dop-
ing [20].

PLAQUETTE-BETHE LATTICE

As a next step towards a more realistic description of
the cuprate crystal, we consider a plaquette-Bethe model
(see Fig. 4). The plaquette CDMFT becomes exact for
this mode, when the connectivity of Bethe sublattice q
tends to infinity. We obtain similar results as for the
double Bethe model for a two-site cluster [30, 32]. The
bath Green’s function in this model reads

Ĝ�1 (i!) =
⇣
i! + µ � ĥ0

⌘�1
� t2

b

Ĝ (i!) , (7)

where Ĝ (i!) is a 8 ⇥ 8 matrix of the superconducting
Green’s function for the plaquette with opposite spin-
Nambu spinors in the bath. We discretize the bath
Greens’s function with only four states similar to the
DMET approach using the Lanczos scheme in order to
find the matrix Green’s function for the superconducting
states [20, 21]. As mentioned above, there is sixfold
degenerate ground state for t

b

= 0 at quantum critical
point. At su�ciently small hybridizations, which cor-
responds to small t

b

in plaquette-Bethe model, the sys-
tem becomes metallic with a slightly broadened peak in
the DOS at the Fermi energy. At low temperatures the
ground state is a d

x

2�y

2 -wave superconductor [20, 21].
But when t

b

increases a quantum phase transition occurs
with a destruction of the singlet states and formation of
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Plaquette-Bethe lattice 
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FIG. 4: (Color online) Sketch of a plaquette-Bethe lattice
with connectivity q=2. Only one plaquette is shown for sim-
plicity.

FIG. 5: (Color online) Local part of normal Green function
for the d

x

2�y

2 -wave solution in the plaquette Bethe lattice
near optimal values of t

b

for U = 3 and n = 0.85. Insert
shows the non-local part of anomalous Green function.

the energy gap in the single-electron excitation spectrum.
The latter can be observed in the normal part of one-
electron Green’s function at t

b

= 0.3 (see Fig. 5). The
energy gap of the states can be estimated to 0.2t, that is
an order of magnitude larger than the superconducting
gap. For t = 0.25 eV [10] this corresponds to pseudogap
of the order of 500 K. In regards to the double-Bethe
model this corresponds to a transition of a quantum en-
tangled singlet state to a classical Neel, antiferromagnetic
state [30]. Importantly, the anomalous (superconduct-
ing) part of the Green’s function has a maximum exactly
at this transition. Similar behavior has been observed
recently for the maximum of the superconducting order
parameter at the localized - delocalized transition point
in the strongly correlated organic superconductors [33] as
well as for the BCS-BEC crossover in cold-atom systems
[34].

PLAQUETTE CDMFT

FIG. 6: (Color online) Density of states of the plaquette
CDMFT for U = 6 and µ = 0.54 for di↵erent temperatures.
Left insert: the di↵erent plaquette-lattice hopping scaled by
a factor ↵ for � = 10; Right insert: optimal doping n = 0.85
for � = 100.

Finally we perform standard CDMFT calculations us-
ing a strong-coupling continuos-time Quantum Monte
Carlo solver[35, 36] in the normal state. Since a tran-
sition to the periodic plaquette in the crystal increases
the bandwidth by factor of two due to doubling of coor-
dination numbers compared to the isolated plaquette, we
increase the values of U and µ by the factor of two, since
the natural energy units is the bandwidth W rather than
the hopping t. Furthermore we use the value of U/t = 6
which approximately correspond to real cuprate materi-
als [37].
The calculated local DOS is shown in Fig. (6). We

observe that for su�ciently high temperatures there is
broaden peak at the Fermi energy originating from the
quantum critical point of the plaquette. This relation
is illustrated in the insert of Fig. (6) where we artifi-
cially scaled the hopping between plaquettes by a factor
↵ ranging from 0 to 1.
At lower temperatures a pseudo-gap is formed instead.

The pseudo-gap is well known in all HTSC materials and
is considered as one of its most striking features [33].
Sometimes this pseudo-gap is considered as a precursor of
the superconducting gap (formation of incoherent Cooper
pairs above T

c

) or as a smeared antiferromagnetic gap
(shadow bands) [33]. However, both interpretations have
problems, when they get compared to experiments [33].
Within our scheme it is natural to interpret this pseudo-
gap as a pseudo-hybridization-gap similar to that arising
in Kondo lattices [38] or intermediate valence semicon-
ductors [39]. From this point of view the pseudo-gap in
HTSC materials originates from the Fano antiresonance
due to embedding of the soft-fermion mode of the plaque-

4

projector) only in the limit U � W . The crucial role of
the Gutzwiller projector for the physics of high-Tc su-
perconductivity was emphasized by P. W. Anderson12.
We see that the situation is much more subtle: a specific
symmetry of the ground state at the plaquette quantum
critical point increases e↵ectively single-site U suppress-
ing doubles on sites but, at the same time, decreases
e↵ective U for plaquette in a sense that one does not
need to pay additional energy for adding two more elec-
trons to the plaquette as a whole. This situation looks
really very nontrivial; it demonstrates clearly that dis-
cussions of strong correlations for the high-Tc cuprates
would be based on rather four-orbital Hubbard model for
the lattice build from the plaquettes than on the initial
single-band Hubbard model for copper sites.

(a) (b) (c)

FIG. 3: (color online). The main contributions to
ground state plaquette singlet in the four-site bath with

d
x

2�y

2 -wave order parameter for he hybridization
V = 0.2 �

d

= 0.05 for U = 3 and µ = 0.27. (a)Sector
N=2 with coe�cient = 0.05 and 4 antisimmetric

contributions (b) Sector N=3 with coe�cient = 0.06
and 8 antisimmetric contributions (c)Sector N=4 with
coe�cient = 0.08 and 2 antisimmetric contributions.

IV. PLAQUETTE-BETHE LATTICE

As a next step towards a more realistic description of
the cuprate crystal, we consider a plaquette-Bethe model,
with all sites arranged in quadrupole Bethe “planes” and
interconnected in a plaquette-like manner, see Fig. 4a.
The plaquette CDMFT becomes exact for this model,
when the connectivity of the Bethe sublattice q tends
to infinity. We obtain similar results as for the double
Bethe model for a two-site cluster41,43. The bath Green’s
function in this model reads

Ĝ�1 (i!) =
⇣
i! + µ� ĥ0

⌘�1
� t

b

�
z

Ĝ (i!)�
z

t
b

(6)

where Ĝ (i!) is a 8 ⇥ 8 matrix of the superconducting
Green’s function for the plaquette with opposite spin-
Nambu spinors in the bath. We discretize the bath
Green’s function with only four states similar to the
DMET approach using the Lanczos scheme in order to
find the matrix Green’s function of the superconducting
states28,29. As mentioned above, there is a sixfold de-

(a) (b)

FIG. 4: (color online). (a) Sketch of the
plaquette-Bethe lattice with connectivity q=2. Only

one plaquette is shown for simplicity. (b) Local part of
the normal Green’s function of the d

x

2�y

2 -wave solution
in the plaquette Bethe lattice near optimal values of t

b

for U = 3 and n = 0.85 and (inset) the non-local part of
the anomalous Green’s function.

generate ground state for t
b

= 0 at the quantum critical
point. At su�ciently small hybridizations, i.e. small t

b

in
the plaquette-Bethe model, the system becomes metallic
with a slightly broadened peak in the DOS at the Fermi
energy. The ground state is d

x

2�y

2 -wave superconduct-
ing at low temperatures28,29. However, when t

b

increases
a quantum phase transition occurs with the destruction
of the singlet states and a formation of the energy gap
in the single-electron excitation spectrum. The latter
can be observed in the normal part of the one-electron
Green’s function at t

b

= 0.3, see Fig. 4b. The energy
gap of the states can be estimated to 0.2t, that is an or-
der of magnitude larger than the superconducting gap.
For t = 0.25 eV13 this results in a pseudogap of the or-
der of 50 meV, which is observed experimentally44. In
regard to the double-Bethe model this corresponds to a
transition of a quantum entangled singlet state to a clas-
sical Neel state41. Importantly, the anomalous (super-
conducting) part of the Green’s function has a maximum
exactly at this transition, see right inset in Fig. 4b. Sim-
ilar behavior has been observed recently experimentally
for the maximum of the superconducting order parame-
ter at the localized - delocalized transition point in the
strongly correlated organic superconductors45 as well as
for the BCS-BEC crossover in cold-atom systems46.

V. PLAQUETTE CDMFT

Finally, we perform the standard CDMFT calculations
using a strong-coupling continuous-time Quantum Monte
Carlo solver47,48 in the normal state. Since a transi-
tion to the periodic plaquette in the crystal increases the
bandwidth by a factor of two due to doubling of the co-
ordination numbers compared to the isolated plaquette,
we increase the values of U and µ by the factor of two.

6

doping has an analog in the weak coupling theory within
the van Hove scenario of HTSC58. Due to the formation
of flat bands of many-body origin58,59 there is a whole
region of parameters t0, U, µ, in that the Fermi-liquid de-
scription is broken. However, we believe that the strong-
coupling description presented here is more relevant for
real HTSC materials, which are characterized by large
values of U49.
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GωðkÞ ¼ ½ðgω þ gω ~ΣωðkÞgωÞ−1 þ Δω − εk&−1; (5)

with the DMFT hybridization function Δω.
The resulting spectral function −ð1=πÞImGωðkÞ for

U=t ¼ 8 is shown in Fig. 3. We observe a broadening and
flattening of the spectrum at the M point. While flattening
of the spectrum is partly present in DMFT due to band
renormalization, including spatial correlations leads to the
formation of an EVHS. Apart from the incoherent high-
energy excitations we observe a well-defined and only
slightly dispersive band at low energies, which spans a
large region of the Brillouin zone between the M and K
points. We have marked the local maxima with a white line.
We find that this band agrees perfectly well with the
prediction εk − μ ¼ T ln½ð1 − nkÞ=nk& from Eq. (1) (black
line) everywhere in the vicinity of the Fermi level. While
the results are described by the Landau functional, the
self-energy clearly exhibits a power law and hence non-
Fermi liquid behavior. For T → 0 this leads to a flat band
and Fermi condensation, or the system becomes unstable
due to the degeneracy. We therefore interpret the effect
as a precursor to a correlated magnetic or superconducting
ground state. The formation of this band is correlation
driven, as it disappears when the interaction is lowered.
In order to further elucidate the origin of this effect, we

note that because of the large DOS at theM point due to the
proximity of the VHS, the dominating contribution to
the convolution in the self-energy (4) in the vicinity of the
M point is expected to stem from the vicinity of the Γ point.
An analysis of the leading eigenvalues of the Bethe-Salpeter
equation reveals that the spin channel dominates in the
vicinity of Γ in agreement with our RG analysis, where
intrapatch scattering is found to give the dominant contri-
bution. Hence the effect results from the combination of a
large DOS and coupling to strong ferromagnetic spin
fluctuations. Indeed, our calculations unambiguously deter-
mine this effect to originate from collective excitations in the

spin channel [28]. The observed tendency to ferromagnetic
orderingdue to frustration is in linewithprevious results [35].
The large self-energy in the vicinity of theM point leads

to both a broadening of the spectrum and a strong reduction
of spectral weight at the M point, also in agreement with
the RG. The flattening is considerably stronger in non-self-
consistent calculations, where attenuation of the fluctua-
tions due to damping of quasiparticles at theM point is not
taken into account [28]. The absence of the low-energy
band in second-order approximation to the dual self-energy
underlines the importance of the feedback of collective
excitations onto the electronic degrees of freedom.
In the top panel of Fig. 4 we plot the so-called broadened

Fermi surface within '0.1 electrons from the value 0.5
corresponding to the interacting Fermi surface for given
temperature. This quantity is directly related to the occu-
pation function for different momenta, which is experi-
mentally measurable [17]. The comparison with the
noninteracting case shows that the effect of flattening is
substantial. Increasing the interaction strength U strongly
enhances the flattening while lowering the temperature
mitigates it. The correlation-driven effect can, nevertheless,
clearly be separated from this purely thermal effect even at
the highest temperatures (see Supplemental Material [28]).
We find that the effect persists up to shifts in chemical
potential of at least 0.5t, showing that it is robust to the
presence of a trapping potential.
Conclusions.—In summary, we have investigated the

formation of extended van Hove singularities in the triangu-
lar lattice. The renormalization group and strong-coupling
numerical analysis establish the phenomenon as driven
by many-body interactions: The interplay of many-particle
scattering and nesting leads to band flattening near vanHove
singularities. The related high intensity in the spectral
function may find interesting applications in tunneling
experiments or spintronics. The phenomenon can be inter-
preted as a precursor to a strongly correlated many-body

FIG. 3 (color online). Spectral function in dual fermion
approach at U=t ¼ 8 and T=t ¼ 0.05. Local maxima correspond-
ing to the lower band are indicated by a white line. In the vicinity
of the Fermi level, this lower band perfectly matches the
prediction εk − μ ¼ T ln½ð1 − nkÞ=nk& following from the Fermi
condensate hypothesis (thick black line). The bare dispersion is
shown for comparison (blue, dashed).

FIG. 4 (color online). Broadened Fermi surface within '0.1
electrons for U=t ¼ 8 and T=t ¼ 0.1. The lower left sextant
shows the noninteracting result.
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          Extended van Hove singularity: triangular lattice 
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Figure 5.13: Density of states for different parameters and approaches. Top left panel:
Consistency check for the DOS at T/t = 0.05 and U/t = 8. There is good agreement
of the data close to the Fermi energy and for the lower Hubbard band. The size of
the upper Hubbard band is overestimated by analytical continuation of the self-energy,
due to its artificial cut-off dependence. Top right panel: For T/t = 0.1 and U/t = 8

the data is consistent as the obtained self-energy is not cut-off dependent. Bottom left
panel: Compared to the DMFT DOS the peak at the Fermi level of the LDFA DOS is
significantly smaller due to the non-local self-energy. Bottom right panel: Evolution
of the density of states with growing on-site repulsion for T/t = 0.05. Reduction
of the Fermi level peak and formation of upper and lower Hubbard bands are clearly
visible.

5.3.4 Susceptibilities

In the following the susceptibilities according to charge, spin and full LDFA will be

discussed based on results obtained for the parameters U/t = 8 and T/t = 0.05.

 
D. Yudin, D. Hirschmeier, et al., PRL 112, 070403 (2014) 
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Dual Boson: non-local interaction + screening 
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Single plasmon mode for q->0 

2

strong correlation physics à la DMFT, the latter there-
fore leads to unphysical behavior of the collective charge
excitations and to a divergence of the excitation energy in
the long-wavelength limit [26]. In Ref. 25, the dual boson
approach has been introduced as a diagrammatic exten-
sion of EDMFT. It allows us to restore the momentum
dependence of the polarization operator through a ladder
summation of diagrams. This scheme yields a minimal
conserving approximation for correlated systems, simi-
lar to the RPA being the minimal theory for the Fermi
gas. In this paper, we employ this approach to study the
charge excitations in two-dimensional correlated systems
with long-range Coulomb interaction.

We proceed with the prototypical model of a strongly
correlated system, the (extended) Hubbard model [5, 6,
27, 28]

H = �t
X

hiji

c†i�cj� +
1

2

X

q

Vq⇢q⇢�q, (2)

on the two-dimensional square lattice with the charge
susceptibility X!(q) = h⇢⇢i!q. In the above, c†i� and ci�
denote the creation and annihilation of an electron on
lattice site i with spin � =", # and ⇢i = c†i"ci"+ c†i#ci#�1
describes the deviation of the density at site i from its
average value 1 for the half-filled case that we consider.
The sum

P
hiji is over pairs of nearest neighbor sites and

t is the hopping parameter.
The long-range Coulomb interaction Vq has the form

U + V0/|q| for |q| > 0 [29]. Correlated adatom sys-
tems on semiconductor surfaces [30] and the plasmon-
ics of graphene [31, 32] provide a beautiful examples
of real phenomena which may be described within this
model. The momentum dependent part corresponds to
the asymptotic behavior of the Coulomb interaction in
2D for distances considerably larger than the interatomic
distance and will result in a plasmonic branch [11–13].
For such distances, the long-range interaction is screened
by the substrate and the potential strength is given by
V0 = 2⇡e2/, where  is the dielectric constant of the
substrate. At short distances, screening e↵ects of the sub-
strate are often negligible. We therefore add a variable
interaction U to the local part which yields an e↵ective
local interaction U⇤ = U +

P
q V0/|q|.

In our calculations, we choose 4t = 1 as the energy
unit and work at fixed temperature T = 0.02 and V0 = 2,
while varying the parameter U⇤ = U +1.1. In each case,
we start from a standard, self-consistent EDMFT calcu-
lation. The retarded interaction U! as well as the local
part U⇤ of the interaction are treated on the level of the
impurity model. A hybridization expansion continuous-
time quantum Monte-Carlo solver [33] with improved es-
timators [34] is used to compute the imaginary-time cor-
relation functions of the impurity model without approx-
imation. In the final impurity solver step, we additionally
compute the (reducible) impurity vertex function �!⌫⌫0

a)
� ⇤

b)
⇤ � ��+=

Figure 1. a) Polarization correction diagram for ⇧̃ and b)
renormalized triangular electron-boson vertex ⇤ (shaded tri-
angle) in the dual boson approximation. The shaded square
denotes the renormalized two-particle vertex �.

in the charge channel. The polarization operator is repre-
sented in the form [25] ⇧�1

! (q) = ��1
! [1 + ⇧̃!(q)�!]�1 +

U!, where �! denotes the local charge susceptibility. The
dual bosonic self-energy ⇧̃ in turn is given by [cf. Fig. 1
a)]

⇧̃!(q) =
X

⌫�

�⌫+!,�!X̃
0
⌫!(q)⇤⌫!(q) (3)

(in EDMFT, it is identically zero). Here X̃0 de-
notes the nonlocal part of the bubble, X̃0

⌫!(q) =
�
P

k G̃⌫(k)G̃⌫+!(k + q), which avoids double counting
of the impurity contribution since G̃⌫(k) = G⌫(k)�g⌫ . In
the summation over the bosonic (fermionic) Matsubara
frequencies !, ⌫ (or quasimomenta), we implicitly assume
a normalization by the inverse temperature (or number
of k points). The vertex corrections in the dual boson ap-
proach enter through the renormalized triangular vertex
[Fig. 1 b)]: ⇤⌫!(q) = �⌫! +

P
⌫0 �⌫⌫0!(q)X̃0

⌫0!(q)�⌫0!,
where �⌫⌫0!(q) denotes the lattice vertex function in the
particle-hole charge channel, which is obtained through
the dual Bethe-Salpeter equation [25] [��1

! (q)]⌫⌫0 =
[��1

! ]⌫⌫0 � X̃0
⌫!(q)�⌫⌫0 .

In Fig. 2 we show the EDMFT local density of states
(DOS) for the extended Hubbard model for three qualita-
tively di↵erent cases: For weak interaction U⇤, the DOS
exhibits a single quasiparticle peak at the Fermi level. As
the interaction is increased, the is peak is renormalized,
as spectral weight is moved to incoherent excitations at
a higher energy. This leads to the formation of Hubbard
bands at energies E ⇠ ±U⇤/2. Above a critical U⇤

c ⇠ 2.4,
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Figure 2. Finite temperature local density of states (DOS)
of the two-dimensional Hubbard model with long-range
Coulomb interaction calculated within EDMFT. The local in-
teraction U⇤ moves spectral weight from the quasi-particle
peak at the Fermi energy to the Hubbard bands at E ⇠
±U⇤/2. For su�ciently large U⇤, the system is a Mott in-
sulator.

3

the system undergoes a first-order Mott transition [1, 4].
The Hubbard bands persist in the Mott phase.

We now turn to the discussion of the results for the
collective excitations. First, we verify in our numeri-
cal data that the polarization behaves as q2/(i!)2 for
any finite Matsubara frequency !m > 0 and small mo-
menta [26]. We hence expect that an RPA-type analysis
according to (1) still holds. In Figure 3 we plot the in-
verse of the dielectric function ✏E(q) = 1 � V (q)⇧E(q)
pls check sign! on real frequencies obtained by a stochas-
tic analytical continuation procedure [35]. Despite the
appearance of artifacts, the main qualitative features dis-
cussed here are robust. This quantity can be measured
via Angular Resolved Electron Energy Loss Spectroscopy
(EELS) [12, 13]. We find that at U⇤ = 1.1, the over-
all behavior is reminiscent of the RPA. It can be un-
derstood within an itinerant electron picture. In the
proximity of the � point, the spectrum exhibits a sin-
gle plasmon branch whose energy vanishes in the long-
wavelength limit. We further see a rather well defined
but broadened excitation throughout the Brillouin zone
with a wide continuum of particle-hole excitations below.
The energy scales are determined by the hopping rather
than the interaction, just as one would expect from a sim-
ple convolution of weakly renormalized Green’s functions:
The dominant contribution at the M -point stems from
the k-points connected by M for which the single-particle
dispersion ✏k is extremal, corresponding to a large den-
sity of states. The energy di↵erence is ✏M � ✏� = 2. At
the X-point, ✏X � ✏� = ✏M � ✏X = 1. The energy scales
are indeed found to be independent of U⇤ in this regime.

At U⇤ = 2.1, the picture has changed drastically. The
excitations of the particle-hole continuum are suppressed.
More strikingly, the dispersion is split into two branches
except for small wave vectors. The maximum energy of
both branches is found at the M -point, where they are
separated by a gap. The maximum of the lower branch
is consistent with a value of U⇤/2, while the latter is lo-
cated at E ⇠ U⇤. These features appear concomitantly
with the Hubbard bands in the density of states of Fig. 2.
One can interpret the lower branch to originate mainly
from particle-hole excitations for which the electron is ex-
cited from the Hubbard band to the quasiparticle-peak
(or vice versa), whereas the upper branch stems from ex-
citations between the Hubbard bands [37]. Similar split-
ting has also been observed in EDMFT+GW calcula-
tions for the extended Hubbard model with short-range
interaction [23, 24]. It is further apparent that the low
energy, long wavelength excitations are renormalized in
the vicinity of the � point. This is expected for excita-
tions from within the quasiparticle peak. We will discuss
this feature in more detail below.

Figure 3 finally shows the inverse dielectric function
in the Mott insulator at U⇤ = 2.6. In this state, a two-
particle excitation corresponds to a creation of a doublon
and a holon, which costs an energy U⇤. Such an excita-
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Figure 3. Inverse dielectric function � Im ✏�1
E (q) of the 2D

Hubbard model with long-range Coulomb interaction for dif-
ferent values of the e↵ective local interaction U⇤ across the
Mott transition. The spectra show a transition from itiner-
ant to localized behavior. The interaction causes a spectral
weight transfer and renormalization of the long-wavelength
plasmon dispersion.

tion is expected to be highly localized. As a result, we
see a weakly dispersing branch at an energy E ⇠ U⇤.
The low-energy plasmon mode has disappeared together
with the quasiparticle peak.

Similar to the single-particle spectra of correlated sys-
tems, we observe a spectral weight transfer in the plas-
mon spectra. This is clearly illustrated in Figure 4, where
we show the inverse dielectric function for fixed momen-
tum. The respective values of U⇤ are indicated, showing
that the spectral weight transfer is associated with this
energy scale.
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Figure 4. A cross section of the EELS (� Im ✏�1) of Fig. 3
at the M point, q = (⇡,⇡). The interaction causes a transfer
of spectral density. The arrows indicate the typical energy
scales U⇤ and U⇤/2.
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Summary 

! We developed general methods for spectroscopic calculations of strongly correlated materials  

! Accurate calculations of Fermi-surface, metal-to-insulator transition details,  
and spectral functions for strongly correlated materials have been done in framework of DFT+DMFT.  

! XAS spectra of real materials are calculated in order to assist in interpretation of experimental data.  

! Non-equilibrium DMFT approach have been used in order to study behavior of correlated materials in 
presence of strong electric fields. 

! Non-local correlations beyond DMFT can be well described in dual fermion/boson scheme 

 


